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We consider a relation between the Huygens Principle (HP) in gravity and the self-
interaction force. We show that the self-force for an electric particle in the plane gravi-
tational wave space-time has no tail term even the vector Green function does not obey
the HP. The reason for this observation is that even vector potential does not obey the
HP, the electromagnetic field does obey.
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1. Introduction
The Huygens Principle (HP), originated in 1690 was a very powerful principle in
physics. Hadamard has formulated this principle in the following form1 (see also
Ref. 2)
(A) (major premise) “The action of phenomena produced at the instant t = 0
on the state of matter at the later time t = t0 takes place by the mediation
of every intermediate instant t = t′, i.e. (assuming 0 < t′ < t0), in order to
find out what takes place for t = t0, we can deduce from the state at t = 0
the state at t = t′ and, from the latter, the required state at t = t0.”
(B) (minor premise) “If, at the instant t = 0 – or more exactly throughout a
short interval −ǫ ≤ t ≤ 0 – we produce a luminous disturbance localized in
the immediate neighborhood of 0, the effect of it will be, for t = t′, localized
in the immediate neighborhood of the surface of the sphere with center 0
and radius ωt′: that is, will be localized in a very thin spherical shell with
center 0 including the aforesaid sphere.”
(C) (conclusion) “In order to calculate the effect of our initial luminous phe-
nomenon produced at 0 at t = 0, we may replace it by a proper system of
disturbances taking place at t = t′ and distributed over the surface of the
sphere with center 0 and radius ωt′.”
1
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The HP is valid if the fundamental solution of the wave equation is concentrated
on the null surface, the sphere of radius |r| = t. In flat space-time the Principle is
valid for space dimension d = 3 and violated for space dimension d = 2. Indeed, for
d = 3 the fundamental solution of scalar wave equationa D3 = δ(σ(x, x
′))/8π and
for D = 2: D2 = θ(σ(x, x
′))/4π
√
2σ(x, x′), where σ(x, x′) = (t2−r2)/2 – half of the
square geodesic interval between points x and x′ and θ(x) is a step function (see,
for example Ref. 3). For d = 3 the wave field is concentrated on the null surface
σ = 0 while for d = 2 – not.
In curved space-time the situation is different. For d = 3 the vector Green
function has the following form4
Dµν′ =
√
∆
8π
gµν′δ(σ) +
√
∆
8π
θ(−σ)aµν′ , (1)
where ∆ is the van Fleck–Morette determinant, gµν′ is bivector of parallel transport
along a geodesic. We observe that the Green function has part concentrated inside
the null surface alongside with part which survives on the null surface. Therefore, in
general, HP is violated in curved space-time. It was a great activity about proving
the validity of Principle in different Petrov’s classes of space-times (see, for example
Refs. 5–8).
2. The Self-force
The Green function plays a great role in the description of another phenomenon
– self-interaction. Considering that the electromagnetic field is an objective reality
with own energy and momentum we have to take into account its interaction with
electromagnetic particles. The phenomenon of self-force in Minkowski space-time
was considered in details in monographs9, 10 and reviews.11, 12 Equation of motion
with self-force contribution reads
m
Duµ
ds
= eFµνextuν +
2e2
3
D2uν
ds2
Pµν , (2)
where Pµν = gµν + uµuν is the projector on the velocity of the particle.
In general relativity, the situation with self-interaction force becomes more com-
plicated.13–15 The equation of motion with self-force contribution has the following
form16, 17
m
Duµ
ds
=
2e2
3
D2uν
ds2
Pµν +
e2
3
Rνβu
βPµν + e
2uα
∫ s
−∞
fµ
·αβ′u
β′ds′, (3)
where fµαβ′ = vµβ′,α−vαβ′,µ and vµν′ =
√
∆aµν′/8π. The self-force has a non-local
contribution which is defined by that part of the Green function which violates the
HP. If vµν′ 6= 0, the HP is violated and non-local contribution in self-fore appears.
aHere, Dn = (Dretn +D
adv
n )/2
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But there is another possibility when vµν′ 6= 0 but fµαβ′ = 0. This situation is
realized in the plane gravitational wave (GW) space-time with metric
ds2 = −2dudv + γij(u)dxidxj ; u, v = (t∓ x)/
√
2. (4)
Straightforward calculations give the following expression for vµν′ :
vµν′(u, u
′) = δuµδ
u′
ν′
√
∆
8πδu
(
δ(lnL2)˙ + pijδλ
i
(a)δλ
j(a)
)
, (5)
where ∆ = δu2 det pij/L
2(u)L2(u′), L2 = det γij , δf = f(u)− f(u′), and
pij =
∫ u
u′
γijdu, pijp
jk = δki . (6)
Here we used the following frame
λµ(a) =


1 0 0 0
0 1 0 0
0 0
L2 cosψ − γ23 sinψ√
γ22L2
√
γ22 sinψ
L2
0 0 −γ23 cosψ + L
2 sinψ√
γ22L2
√
γ22 cosψ
L2


, (7)
with specific expression for angle
ψ =
∫ u
u′
γ23γ˙22 − γ˙23γ22
2γ22L2
du. (8)
The bivector vαβ′ depends on u and u
′, only and it has the following structure
vαβ′ = δ
u
αδ
u′
β′q(u, u
′) (see Eq. (5)). For this reason fµαβ′ = vµβ′,α − vαβ′,µ = 0.
Therefore, we conclude that the tail part of self-force is zero and the self-force has
local form even the vector Green function does not obey HP. For a scalar particle,
the tail part of self-force is zero because the Green function has local form.18
The point is that the electromagnetic field obeys HP, even the vector poten-
tial does not. Indeed, the non-local term (5) in the vector Green function gives a
contribution to the following components of the Maxwell tensor (a = v, y, z)
Fua(x) = −4πe σ,a(x, x(s))uv(s)dσ(x,x(s))
ds
vuu′(u, u(s))
∣∣∣∣∣
s→s∗
, (9)
where retarded time s∗ is the solution of the equation σ(x, x(s∗)) = 0 and u(s∗) ≤ u.
Therefore, we may affirm, that the HP is valid for an electromagnetic field while
it is not obeyed for the vector potential of the electromagnetic field. Firstly, it was
noted by Ku¨nzle in Ref. 19 (see, also discussion in Ref. 5).
3. Conclusion
We considered a connection between HP and non-local contribution to the self force.
Obviously, if the Green function does not obey HP (contains tail part aµν′ (1)) then
the non-local contribution in self-force exists (last term in Eq. (3)). In the same
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time, there is another possibility for absence tail part in self-force, namely when
fµαβ′ = vµβ′,α − vαβ′,µ = 0, where vµν′ =
√
∆aµν′/8π. We have shown that this
situation is realized in the case of plane GW background with metric (4). In this
case, the vector Green function does not obey to HP, but the electromagnetic field
does. This point was noted firstly by Ku¨nzle.19
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